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SUMMARY

The dynamic equations of multi-body systems in the form of open
chains are derived by applying the principles of linear and angular momen-
tum to each individual member in the chain. This results in the appearance
of constraint forces and torques in the dynamic equations. Using more or
less classical approach these unknown forces and torques can be eliminated.
Another approach is to approximate these forces by elastic and viscous

9 forces by allowing small violations of the constraints. The well-known
elimination procedure leads to a small densely coupled system of equations
while the lesser-known procedure of approximating the constraint forces
and torques yields a large but less densely coupled system. Both these
procedures are first explained in the context of a single rigid body and then
applied to a system of rigid bodies in an open chain where each body is
coupled directly to at most two neighbours.

RESUME

Les 6quations dynamiques d'un syst~me de plusieurs corps dispos6s en
chaines ouvertes sont d~riv~es en appliquant les principes de la quantit6 de
mouvement et du moment cin~tique i chaque membre de la chaine. 11 en
r6sulte que des contraintes de force et de couple se d~gagent des 6quations
dynamiques. Par une d~marche plus ou moins classique, on peut 6liminer
ces forces et ces couples inconnus. Une autre solution consiste i remplacer
ces forces par des forces d'6lasticit6 et de viscosit6 approximatives, en
violant quelque peu les contraintes. La m6thode classique d'6limination
donne un petit syst~me d'6quations fortement coupl~es, tandis que la
m~thode moins r~pandue d'approximation des contraintes de force et de
couple produit un grand syst~me d'6quations moins fortement coupldes.
Les deux m~thodes sont appliqudes d'abord i l'4tude d'un corps rigide
unique, puis i l'4tude d'un syst~me de corps rigides dispos6s en une chaine
ouverte o6 chaque corps est couplN directement i au plus deux corps voisins.

i SON Wvr
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DYNAMICS OF MULTI-BODY SYSTEMS

1.0 INTRODUCTION

During the last two decades there has been a considerable interest in the study of multi-body
systems, that is systems consisting of a finite number of interconnected rigid bodies. Typical examples
are manipulators, linkages in machines and mechanism of human body provided each part is considered
as rigid. Although the general principles of obtaining the equations of motion of such systems have been
known since the days of Euler (1707-1783) and Lagrange (1726-1813) yet there is a need for finding
general and computer oriented methods as the formalism suitable for analytical purposes may not be
convenient for computer simulation. Most of the recent work (Refs. 1-3) is therefore devoted to ob-
taining methods that are efficient and general enough to be applicable to a wide variety of multi-body
systems with a minimum amount of preparatory work.

The purpose of this report is to explain in as simple a way as possible some of the methods of
deriving the equations of mo~tion of mnulti-body systems. To accomplish this we assume that we are
given a system of n rigid bodies connected together in an open chain such that each body is coupled
directly to at most two neighbours; as shown in Figure 1.

FIG. 1

* The bodies are attached to each other either by ball-and-socket joint, universal joint or by pin joint*.-

The principles of linear and angular momentum (Newton's and Eulers's law) applied to each
individual body in the chain provide a simple way of writing the equations of motion of a multi-body
system. However, this results in the appearance of unknown constraint forces and torques. There are
now essentially two approaches for removing them. In the classical approach these forces and torques
are eliminated from the 6n second-order differential equations resulting in at most 3n+3 equations cor-
responding to the number of degrees of freedom. The equations so obtained are complicated and

* densely coupled. In the other approach each body is kept as a free body and the constraint forces and
torques are approximated by elastic and viscous forces by allowing small violations of the constraints.
(They can also be approximated numerically by solving the equations of motion and constraint equa-
tions simultaneously.) The number of equations to be solved in this approach is more than that solved
in the first approach. However, they are simple and less densely coupled and may be as convenient to
solve on the computer as the smaller number of more complicated equations.

Apart from the introductory section the report is divided into four sections. In Section 2 we
present the equations of motion of a single rigid body in Newton-Euler's form as well as in Lagrange's
form and establish the connection S)etween the two sets of equations. The motion of a single body with
constraints is discussed next in Section 3. Using Lagrange multiplier method the idea of constraint
forces and torques is explained. The equations of motion are formulated using the two approaches

*Relative motion of two adjacent bodies is a pure rotation with one, two or three degrees of freedom
according as it is a pin joint, universal joint or ball-and-socket joint.



-2-

mentioned above. In Section 4 the ideas developed in Sections 2 and 3 are extended to multi-body
systems. The case when all connections are ball-and-socket joints is considered first. This is followed
by the case when the joint may be universal or pin joint. Conclusions are presented in Section 5.

2.0 RIGID BODY EQUATIONS OF MOTION

The equations of motion of a rigid body can be written down by applying the principles of
linear and angular momentum or by using the Lagrange's equation. The principles of linear and angular
momentum yield

I dLC
-- G (2)

dt

where rc is the position vector of the centre of mass, m is the mass of the body, Lc is the angular
momentum about the centre of mass, F is the sum of external forces and G is the sum of external
torques with respect to the centre of mass C. Equations of motion (1) and (2) are valid in an inertial
(spatially-fixed) frame of reference OXYZ (see Fig. 2). Since Lc = 1w, where I is the inertia matrix
about the centre of mass and w is the absolute angular velocity Equation (2) will take a simple form if
the components of the angular momentum are referred to a body-fixed axes, in particular to the
principal axes. (I is a constant diagonal matrix when referred to the principal axes.)

y

z

k FIG. 2

The body-fixed set of axes are obtained from the inertial axes by performing three successive rotations.
Before the first rotation the two set of axes are parallel. The first rotation is made about the Z-axis

* i...through an angle 0~ counterclockwise to obtain an intermediate axes C x I y I Z. A new set of axes X 2 ,
y I , z2 is now obtained by rotating the axes x I , y I, Z by an angle 0 counterclockwise about the y I -axis.
The final rotation is carried out about the x2 -axis through an angle 0 to obtain the body-fixed axes
x,y,z. The transformation matrix R connecting the body-fixed axes to the inertial axes is given by
(see, for example, Refs. 4, 5)
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R11 R12 R 1 3 \

R R2 1  R22  R23  (3)

R 31  R32  R33

where

RI, = cos cosO, R1 2 = cosi sinG sin - sino'coso

R13 = cost/sin0 cosO + sint sino, R2 1 = sino cosO

R2 2 = sin l sinO sin4' + coso coso, R 2 3 = sino sin0 coso - cos sino

R31 = -sin0, R 32 = cosO sin, R 33 = cosO cosO.

The three angles ., 0, specifying the orientation of the body are called Euler's angles. In terms of the
Euler angle rates q, 0, 0 (dot denotes derivatives with respect to time) the components w x , Wy z of
the angular velocity w expressed in body-fixed axes are given by

Wx =  - sin0

Wy =  cosO sino + 0 cos (4)

W, = CosO coso - 0 sino.

Let the body-fixed axes be in the direction of principal axes of inertia and let I., Iy, Iz denote
dthe moments of inertia about three axes. Remembering that the inertial derivative dt- (Iw) =~ +

w x Iw in the body-fixed axes, Equation (2) becomes

Ix (;x - (I y - Iz )owy wz  
=  Gx

Iy c.y - (Iz - Ix )wCx w z = Gy (5)

Iz ;z - (Ox - Iy)W x w y = Gz .

These are Euler's equations of motion for a single rigid body. Euler's Equation (5) together with Equa-
tion (4) and Newton's Equation (1) yield six second-order differential equations for the determination
of xC, y, z,, 0, 0 and 4.

We mention that from computational point of view it may be convenient to solve Equation (5)
and Equation (4) when inverted as first-order equations in w,, wy, wz , , 0 and 0. Solving Equation (4)
for , 0, we obtain

W X + tans (wy sino + wz cosO)

0 W(y cosO- Wz sino (6)

- c-. (wy sino + Wz coso)
coso

for 0 r/2.

L ._ -. . . ,.
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Let us now determine the equations of motion using Lagrange's equation

d IaT\ aT
d q) 4 = Qi; i=1,2,.... 6, (7)

where T denotes the kinetic energy, qi the ith generalized co-ordinate, 4i the generalized velocity, and
Q, the ith generalized force. Assuming again the body-fixed axes in the direction of the principal axeswe have

1 12 *2* W~2 + 2 +1 2)
T -m c+yc + zc + 2Ix o + l y Oy+IzOz (8)

with xc I zc, 4, 0, i as the six generalized co-ordinates. Substituting Equation (8) into Equation (7)
we obtain the Newton's Equation (1) for the centre of mass from the first three equati'ns with xe, Yc,

*z C as generalized co-ordinates:

d2X c d2 Yc d2 zc
m dt 2  F1, mdt2 i 2, m dt 2 -=F 3  (9)

where FI, F2 , F3 are the components of F expressed in inertial frame. For the other three co-ordinates
4,,0, Vi we get

aT 3TPo -o = xWX, 5-7 (Iy-Iz)WWz

p6  aT I WY cos-W sin, aT- Ixox cos0 - Iy W sinO sino - Iz oz sinO cosOP0 0 f I os-Iz z i ,80" =

(10)
aT aT

PP = i-IX sin0 + Iycy cosO sinO + Izw z cosO cosg, - = 0

where p., Pe and p, denote the generalized momenta. Thus the Lagrange's equation corresponding to
the co-ordinates 4,, 0, 0 can be written as

- (Iy-Iz)wyw = G,

+ (Wy sino + co coso) (Iw, + tan0 sino IyW6y + tan0 cosO IZCW) f G 2  (11)

j~G3

since

.. IX / cosO + (IYWY sinO + I. . coso) 4 sinO

= Ix W,(WY sinO + wZ cosO) + (Iy WY sino + lz Wz cosO)(oy sin4, + wz coso)tan0

from Equation (6). Equations defining p., p,, p, can be inverted to give
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( x = P0/Ix

=y (pV +p. sinG) + p. co (12)

(oz= o (p + p. sine) - p. sino].

For rotational equations, Equations (11) and (6) with Wx , Wy, w z defined by Equation (12) may
therefore be used instead of Euler's Equation (5) and Equation (6). By comparing Equations (5) and
(11) it is easily seen (note the expressions for p., p 0 , p$ ) that

G, = G x

G 2 = Gy coso - G. sino (13)

G3 = -G x sine + cosO (Gy sino + G z coso).

By inverting Equation (13) we get Gx , Gy, Gz in terms of GI, G 2 , G3 :

G x = G,

Gy = G 2 cosk +-(GIsinO+G 3 ) (14)
cos
cos~b

G z = -G2 sino + - (Gi sin + G3 ).
coso

3.0 RIGID BODY WITH CONSTRAINTS

Before considering the multi-body dynamics let us first consider the case of a single body with
constraints. The constraints reduce the number of degrees of freedom. For example, if a point of the
body is fixed the motion is a pure rotation, called gyroscopic motion, and has three degrees of freedom.
For a pin joint we have only one degree of freedom and so on for other types of joints.

3.1 Gyroscopic Motion

Let us assume that a point, say H, of the body is fixed. Let CH = c be expressed in body-
fixed axes. From Figure 2 we can write the constraint relation as:

rH = r c + Rc = a (15)

where a is a constant vector. Equation (15) is a vector equation and is equivalent to three scalar equa-
tions. Due to constraint Equation (15) there is a constraint force fH acting on the body at the hinge
point H. The Equations of motion (1) and (2) must be replaced by

d - F + f,1  (16)

dt2

" Icj + x Iw= G + c x RTf H (17)

where it is assumed that f,1 is expressed in the inertial frame and the superscript T denotes the trans-
pose of a matrix. Since constraint force fH is unknown, Equations (16) and (17) cannot be solved.

U m - - Il I II
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There are now two ways to proceed. Either eliminate the constraint force fH and reduce the number
of equations to three or approximate the unknown force fH.

The usual procedure to eliminate the constraint force fH is to differentiate twice the con-
straint Equation (15):

d 2 rH d 2 rc
=- + R(zX c+c Wx(Wxc) 0. (18)

Eliminating from Equations (16) and (18) we obtain

fH = -mR(c x c + w x (w x c)) - F. (19)

Substituting Equation (19) into the rotational Equation (17) we obtain

M) + wx x I = G - mc x (c x c + w x (w x c)) - c xRTF (20)

where we have used the fact that R- 1 = RT. Since

cx( xc+cwx(w xc)) = ((c-c)E - ccT)C+ x(( C .c)E - ccT) oW,

Equation (20) can be rewritten as

IH (+WXIHw = G- cxRTF (21)

where IH, the inertia matrix about fixed point H, is given by

IH = I + m ((c-c)E - ccT),

(c'c) is the dot product cT c and E is the unit 3 x 3 matrix. Equation (21) is the desired rotational
equation representing the three degrees of freedom which can be solved to determine the orientation
of the body. Having solved this, the constraint force fH can be determined from Equation (19).

We mention that Equation (21) can be obtained directly by applying the principle of angular
momentum about the point H. However, we would not obtain the hinge force that may be required to
monitor the stress on the joint.

In writing down the modified Equations of motion (16) and (17) it was assumed that the
constraint Equation (15) gives arise to the constraint force fH, This can also be obtained by using the
Lagrange multiplier method (Refs. 5, 6). The kinetic energy T for the Lagrange method is augmented
by the introduction of Lagrange multipliers X I, X2 , X3 :

L = T+ X (xC + (Rc)1 - a1 ) + X2 (yc + (Rc) 2 - a2 ) + X3 (z, + (Rc) 3 - a3 ) (22)

where T is defined as in Equation (8) and (Rc)i, a , i = 1, 2, 3 denote the components of the vectors
Rc, a in the inertial frame. The equation

d I aL aL d 2 x c
dt c) =Q, yields m..- -- Fi + X1 .

d c/ ac t
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Therefore X, can be identified with the first component of fH- Similarly X2 and A3 can be equated to
the second and the third components of fH respectively. To see that the torque due to constraint
force fH is given by c x RT fH we compute the contribution of augmented terms to the Lagrange equa-
tions. Denoting these terms by gH 1 , gH 2, gH 3 we have

a = Ta= Ta

gH I ' -(Rc), gH2  -XT (Rc), g13 - (Re)
30ao (c

where XT f (XI X2 X3 ). Since t = R c7 (Ref. 4), where

= W3 0 -WI

-_W2  W31 0

it follows that

0 0 0
3R

01

10 sine coso
a--= R sine 0 0

-cost 0

0 -cosOcos5 cos~sino

a- R cosOcost 0 sinO

-cos0sino - sin0

Let gHx, gHy, gH, denote the components of gH = c x RTf11 = 6 RTfH. Then

gHx = (0 -C 3  c2 )RTfH

gHy = (C3  0 -CI)RTfH

gHz = (-C2  Cl 0)RT fH.

Evaluating gH I we have

0 0o\

gHi f T a (Rc) kT aR cT AN J 0 ) ffi (0 -c 3  c2 )RTX = gH1 .

0-10
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In a similar way we can show that

gH 2 gH y cOsO - gH z sinO

H 3 -- gH x sinO + cosO (gH y sino + gHz cosO)

and this proves the assertion. We note that the torques gH I, gH2, gH 3 would be needed if the Lagrange's
equations are used instead of Euler's equations.

Rather than eliminating the constraint force fH using Equation (19) we may define it approxi-
mately and solve the six second-order Equations (16) and (17). For this we replace the Lagrange multi-
plier terms in Equation (22) by a potential function V:

L = T - V (23)

where V is given by

V = [K x(XH-al)2 + Ky(yH - C2 )2 + Kz(ZH - 3 )2] (24)

and KX, K K are large positive constants (Ref. 7, pp. 516-518). The introduction of the potential
function means that the constraint Equation (15) is replaced by elastic springs with spring constants
Kx, KY and K1. The components of the spring force is therefore given by

av
fHx - = -KKx (Xy -a 2 ); a x = xc + (Rc)IaxH

avfHY = -- -Ky (YH - ae2) YH i =y, + (Rc)2

aV

fHz - - = -Kz (ZH - a 3 ); ZH = zc + (Rc) 3.azH

Another way to approximate the constraint force is to define the dissipation function

2 + . F .2 , .2
f f (Kx x  + Ky YH + K. ZH) (25)

2

where Kx, K', K' are large positive constants and determine the components of the constraint force
from the relations:

Bf

Hx= - - = -K x H

._fHy 4 H-----_-_= -Ky YH

af
fHl ff2 aZ = KHH
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In this way the constraint force is approximated by the viscous damping force. Of course, the con-
straint force may be determined by combining the elastic and damping force or by defining V and f in
other ways than that done in Equations (24) and (25).

Rather than approximating the constraint force analytically through the use of penalty
functions such as V and f we may approximate the constraint force numerically (Ref. 3) by solving the
equations of motion and constraint equation simultaneously. To do this the equations are first written
in the form

F (u, 6, t) = 0. (26)

Now given un = u(tn) it is required to find u,+ - U(tn+1 ) where tn = nh and h is the time step. Using
for example the backward Euler method Equation (26) becomes

F (un+1, h u, t n  -- 0 (27)

which is solved for un+ 1 using Newton-Raphson method and sparse matrix techniques.

This method is not considered further and is mentioned here only for the sake of complete-
ness.

3.2 Body with Universal Joint

Let us now consider the motion of a rigid body connected to a fixed body with a universal
joint. The rigid body has now two rotational degrees of freedom. For definiteness sake let

= 0. (28)

Due to this constraint there will be a constraint torque gi and Equation (17) must be replaced by

IC, + wx Iw = G + gH +cxRTfH. (29)

In the body-fixed axes the unit axes of rotation are P, = (-sinO 0 cosO)T and P2 = (0 1 O)T.
Since the constraint torque gH , by definition, is perpendicular to both these axes of rotation we have

gHz cosO - gH. sinO = 0 (30)

guy = 0. (31)

Equations (30) and (31) can also be obtained by the Lagrange multiplier method. For this let

L, = L + X4 / (32)

where L is given by Equation (22). Due to the extra term X4 0b we have the constraint torque gtH such
that

gHl = X4, gH2 = 0, 9H3 = 0. (33)

Using Equation (14) with b = 0 we obtain

g"X X4 gHy 0 gH, fi 4 tanO. (34)

==Mod
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Eliminating X4 from Equation (34) we have gHz cosO - gH, sinO = 0 and GHy = 0.

To obtain the equations of motion with the least number we must eliminate fH and gH from
Equation (29). Eliminating fH (see Eq. (21)) we have

IH c + w x IO = G+gH - c xR T F. (35)

To eliminate gH we premultiply Equation (35) by the row matrices pT = (-sinO 0 cosO) and

p2 =(0 1 0):

T TT T
pr (IU C + X IH W) = p1 G - c x RT F) + pr gH

T T T pp2 (iH C + WXIH W ) 
= P2 (G- cx RTF)+p T gH

From Equations (30) and (31) it follows that pT gH = 0 and PT gH = 0. Hence the two rotational
equations are

TT CRT
P (IH C3 + W X IH o) = p1 (G- cx F) (36)

T( H C + WxIH co) = p (G-cxRT F) (37)

where w (Eq. (4) with k = 0) is given by

\ cos/

Instead of eliminating the constraint torque gH and constraint force fH from Equation (29)
(or gH from Eq. (35)) we may determine them approximately and solve the six second-order Equa-
tions (16) and (29) (or three Eq. (35)). For this we can use the same procedures as discussed in
Section 3.1. For example, the term X40 in Equation (32) may be replaced by the negative of a potential
function V.

1
Let V = - K 0 2 where K. is a large positive constant. Then

av av v
gl - '-KOO, gH2 = -o = 0, gH3 0 (38)

Using Equations (14) and (38) and assuming 0 small we get

gfx = -KOO, gHy = 0, gH, f -K 0tanG" (39)

We now show that this obvious choice of V is not good enough. From Equation (30) we see
that glx = 0 for 0 = ir/2. However, gHx as defined in Equation (39) does not tend to zero as

kk6_I
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0 - ir/2 (unless = 0). Moreover giz becomes infinite as 0 - 7r/2. To correct this situation we set

gHx = -(KOcos), guy = 0, gH, = -(K~sinf)l (40)
1

which is obtained by defining V = - (K.cos0)&'.
2

We remark that since fH is defined in terms of rH or its derivative it may be computationally
advantageous to replace Equation (16) by its equivalent form

d2 r

m d 2 =- F+mR(xc+ wx(w x c))+f1 1  (41)

d2 rc
which is obtained by substituting the value of -- from Equation (18) into Equation (16).

dt
2

4.0 MULTI-BODY EQUATIONS OF MOTION

In this section we derive the equations of motion of a system of n rigid bodies connected
together by hinges in an open chain such that each body is connected directly to at most two rigid
bodies.

4.1 Systems with Ball-and-Socket Joints

First we consider the case when all hinges are ball-and-socket joints. The relative motion of
any two neighbouring bodies is therefore a pure rotation with three degrees of freedom. Consider three
neighbouring bodies i-1, i and i+1 in the chain as shown in Figure 3. Let CiHi- l = Li,i- , CiH i Li,i I .

d i-I H

r~i.i + 1

r rH H

"~0

FIG. 3

As in Equations (16) and (17) the equations of motion of body i can be written as:

__r = Fi i-l + , li+1 (42)
midt' i+ H P

Ii (,i + wi x i wi = G ' + Li, i- I x (R')Tf~ - + Li,, 1 x (R')Tf ~ ~ (43)
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where ji~i and f1
i+ are the constraint forces on body i at the hinges Hi_ 1 and Hi; FV is the sum of

HH

external forces acting on body i; G' is the sum of external torques; mi, Ii and w i respectively are the
mass, inertia matrix and the absolute angular velocity of body i; ri - OC, and Ri is the transformation
matrix from body i to the inertial frame. By summing the translational equations from i 1 1 to n we
obtain the equation of motion of the centre of mass of the system:

d 2 r n
m f= 2 Fi  (44)

m - =

where

n
m = I mi is the total system mass, (45)

i.1

'I 1 n
r Z miri is the system centre of mass. (46)

m i=1

In deriving Equation (44) we have used the fact that the constraint force on body i at hinge H, is equal
and opposite to the constraint force on body i + 1 i.e.

fi+l,i = fi,i+l i 1,2,. .. ,n-1. (47)

Also f 1,0 = 0 = fn,n+l
H H

The motion of the system can now be determined from Equations (43) and (44) provided the constraint
forces are known.

4.1.1 Determination of Constraint Forces

As in the case of a single rigid body we shall obtain first the equations of motion by eliminating
the constraint forces. The constraint equations at the hinges Hi, i = 1,2 ..... n-1 are

r + R Li+l i = r i + R'Li,i+l ; i-1,2,. . . ,n-1. (48)

From the translational equations of bodies i and i + 1 we have

d2 ri 1
d r = (F1 + f- I +f'+ 1 ) (49)

dt 2  mi H

|d2ri+l 1
d (F'+l + fi+li + fi+l,i+2 ) (50)

dt 2  mi+ 1  H H

Subtracting Equation (50) from Equation (49) and using Equation (47) we obtain

1 0i ,i + ( .L+ 1. fij+l 1 0+ 1 +2  = d; i = 1,2,...,n-1 (51)

mi Ii m, I) i+ H
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where

di  d 2 
2i + Fi-- F .(52)

d2  d2  (;;1+ m1  52

Equation (51) with f09 0 f nH represents a tridiagonal system and can be inverted easily by using
Thomas algorithm. Let A denote the inverse of the matrix representing the tridiagonal system of equa-
tions. Then

fi+l n-IH =  - ajdj; i=1,2, ... ,n-1. (53)f'" j=1

Our next task is to express di in terms of L,i+I and Li+,, i . Differentiating the constraint Equation (48)
twice with respect to time we obtain

d2 rf d2r1 i Ri+1  (( xi+lx Li+ ,i + xji x ( i+ ×xLi+, ,i))

dt 2  dt 2

- R' (ci, x Lii+I + woi x (wi x Li, i+ )) (54)

Substituting Equation (54) into Equation (52) we obtain

d i = Ri'+ (j+I x Li+,, i + xi+j x (coi+ 1 x Li+,i)) - R'(c;i x L, i+

/1+ j+  1 .\

+ wiX (wi x Lu+ )) + - -- F; i1,2,....n-1. (55)
Mi

Thus the constraint forces can be determined from Equations (53) and (55). We note that Equation (19)
is a special case of Equation (53) with n = 2,m1 = -, = 0 , H = fl, 2. We also mention that this
method of deriving the constraint forces is different from that used in References 1 and 2.

4.1.2 Elimination of Constraint Forces

To eliminate the constraint forces from the rotational Equation (43) we need to evaluate the
expression

Lii_. x (Ri)T fI! + Li,i+j ' (Ri)T f, J (56)
H

Substituting Equation (53) into Equation (56) we obtain

n-I n-I-Lii I x (Ri)T T1 ail, jdj + Lj,i+ I x (Ri)T Z aijd j . (57)

From Equation (55) we see that the terms containing j are:

_ - - ... . ii - S --- - ----- .i
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Li-Ix Rj~ [a j x -jj~ 1 6 j c x Liii]

- jj~ x RJ [aj c ) x Ljjl- aj-( X L3,j. 1] 58

where WR - (R' )T B)denotes the transformation matrix from reference frame j to i. Using the identity
A x (B x C) = (A.- C)B - (A.- B)C the first term in Equation (58) can be rewritten as

a1...1 x R'Ja-j, xL+, =~d a-,1 R'Lj~ L, R 1~jj.l)Rcj- i',RjcjjRjj.I

j- "j,j+' ,j1iR-

a= a1 . 1 3 (RjiL T. -R L~ - L LTj. (59)

Hence Equation (58) can be simplified as

-R ki 'j( (60)

where the matrix kjj (ij=l,.. n) is given by

-ti~+R"(a3 Lj,j+1 - a1,j-Lj- )]

wih 1, =0 L,,+ Using the fact that aj = aj it is easy to see thatk Ki *K

Similarly combining the wjand Fj terms in Equation (57) we get

-R'jcoj x kjjwj + Nj + uU (62)

where

-ajii - aj-,j Li,i-l. ) x R'j Ljj+1] (63)
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Using Equations (60) and (62), the rotational Equation (43) for body i, i = 1,2,... ,n, can be written
as

n n i

YR'JKijR'JJ + 2- RiJ wJ x Kj i¢ j 
= G' + T (N i + u ij )  (65)

j=1 =

where

Kij =Kij, i j

+ 1i + Kiii=j"

Equations (44) and (65) give the required 3n+3 scalar equations of motion.

4.1.3 Approximate Determination of Constraint Forces

Instead of determining the constraint forces f" 1i+ from Equation (53) exactly we shall now

use approximate methods discussed in Section 3.1 to determine these forces. Let

r~i =r i + R'il,i+l

+ +
rHi = ri+1 + Li+l, i -

Then the constraint equation at the hinge Hi (see Eq. (48)) can be written as:
r+

rHi - r., - O.

Differentiating r+, twice with respect to t we get

d2r+ d2 r
Hi ri.+1I P+I()+1xL+1 + w Ix (wi, 1 x L+1dt2  dt 2  + kWi+l x ))

Using Equation (42) we obtain the following differential equations for r+i, i = 1,2. . . ,n- 1:

d2r +drmi .il Ri+ f ))~ +'I

ni+ 1  d F' + mi+1 R' i j+1 x Li+l,i + coi+l x (i+l x Lil 4i + f"ili+ fl+ (66)

To determine the constraint forces approximately we define the potential function

Vi Ki ( rH, - r-,) T (ri-_ r-i) (67)

where Ki is a large positive constant. The constraint force fi+ ,iJ is therefore given by
H

-. av-
Hi ar -K i (ri r-,), i 1,2 .... n-1 (68)

Nri
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where
ri r + Ri (L -

r H f H i- I L i,i+ l - L i - )  fi  2 ,3 , . . n - 1I

and rj, is obtained by solving the differential equation

d 2 r -
fi F1 + R1 xL + W x x L + fl2 (69)l 2  m1 R 1 1,2 ( 1 1,2) (

Equations (43), (66) and (69) with constraint forces 0+", i = 1,2... n-1 given by Equation (68)
H v

determine the motion of the multi-body system. Comparing these equations with those in Equation (65)
we see that although the number of differential equations to be solved is more, they are less densely
coupled and may be as convenient to solve on a computer as the more densely coupled Equation (65).

We mention that the constraint forces may also be determined by defining the dissipation
function

f 1K (i i - -i)T ( i ) (70)fi 2Ki rH H Hi~

where K, is a large positive constant. The force f*+It is now given by

af.
fi+,i . ... = -K' + - rm

H )H i  i (i "

4.2 Systems with Ball-and-Socket Joints, Universal Joints and Pin Joints

We now consider the case when the rotational degrees of freedom at some joints may be less
than three i.e. the hinges may be universal (two degrees of freedom) or pin (one degree of freedom)
joints. Due to universal and pin joints at the hinges the equations of motion (42) and (43) must be
replaced by

d 2 rim -- =F +f' + fi 1 (71)
mi dt2  

H 0

licri + Wi x Iw i = Gi + g91'' - Ri+1g+ 1li + Li x (R)T

+ Li,i+,1 x (Ri)Tfi~ii+1. (72)

where g',- 1 denotes the constraint torque on body i at the hinge i- 1 expressed in the ith body axes.

Of course, giL0 = 0 = gn+l,n

To determine the orientation of the bodies we need to eliminate not only the unknown
constraint forces but also the unknown torques. The unknown constraint forces can be eliminated in

* the same way as was discussed in Section 4.1. The rotational equations can therefore be written as
(see Eq. (65)):
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An

n n n
Z R KiZjtiJ . + 2; Ri. x Ko;R Z G i+g 1-1 - Ri i+lg+l i + Z (N.i + uj). 7)

i= = i=1 -1 j =

i=1 ('4 H i

i o1,2... ,n. Multiplying Equation (73) by R and summing the equations from i = 1 to n we obta

n n n n n nG )n

Rl R R"K..R'&j + I RikJWx K..w. = iG+ ( 1 ++ui) (74)

k i =  I = k i= j= I k io x K i = R l i  j = J N j  + (4)

k iI

since 2 R i  i-I - R",1+ 1 ,k gg'1 ) h -- 0.

4.2.1 Detemination of Constait Torques

We now determine the constraint torques g"i-t i = 2,... ,n. For this we add all the

rotational equations except the first i-1 equations. From Equation (73) we get

n n n n l n n n
i . 1 RRi  Z + k jW x K k(A j = Z ; RikGk + Z Rik ] (Nk +Ukj)

kHi =1l k=i j=l k k=i k= j=

+ kZ R ik (g,k- _Rkk+lkH+1.k) "  (75)

Since Z Rik (~1k1-I Rk~k+l +l.k) _g i-1 we have

g-I nRik RkiKkjRki&b + ] Rkboj × Ijkt°J k ~ G .~(i+ j)

kg = kj ki jk=i jl

i = 2,3, .... n. (76)

4.2.2 Elimination of Constraint Torques

In the presence of universal and pin joints the relative angular velocity of two neighbouring
bodies can be defined in terms of fewer angular rates - two in the case of a universal joint and one for
a pin joint. Let Ili denote the relative angular velocity of body i relative to body i-1.

* Then

T h en R i '-I w i + 1i 
(77 )

where
ni

Ili= P1 1 Piii + Pi 2 i2 + Pi3 ii 3 = Piji i = 2,3, . n, (78)

n, - 1,2 or 3 according as the hinge is a pin, universal or ball-and-socket joint and Pij are unit vectors
along the axes of rotation. For example in the case of universal joint we may take i = i = e .
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From Equation (4) with r 0 it follows that Pil = (-sin0i 0 COSei)T and Pi2 
= (0 1 O)T. Using

Equation (77) we can express w i in terms of wl and the relative angular rates iii:

SRi'i-I oi-I + J2 i

Ri'i-l(Ri-l'i-2i-2 + S2 i-I + fli

Ri'i-2 Wi 2 + R'- 1 I + 1'i

since R i'i- ' Ri - l i- 2 = Ri'.- 2 . Continuing the above process we obtain

n

W=R i W1 + 2; RJij . (79)j=2

In the same way (i;, can be expressed in terms of 1 and jij. Differentiating Equation (77) we get

i = Ri'i - il + pilil + Pi2 i2"" + Pi3ji 3 + vi (80)

where vi is given by

Vi- =-si x Ri', i- I 0i_ 1 + iliil + 1i2 Ui2 + j3 Vi3 .

Using Equation (80) recursively we obtain

i i
i = Rill + Z R'J(pjI jl + Pj2 5j 2 

+ Pj3 :Vj3 ) + Z RJvj. (81)
j=2 j=2

n
The rotational degrees of freedom n' = Z ni + 3. Therefore, to determine the orientation

i=2

of the multi-body system we require n' equations. Equation (74) with w i and ci defined by Equa-
tions (79) and (81) provides three equations. To determine the rest of the equations we use Equa-
tion (76). By definition, the constraint torque is perpendicular to the axes of rotation and hence we
have:

Pih i i - 0, i f 2,3,...,n, hi  i

Substituting the value of g'i-1 from Equation (76) we obtain the remaining n'-3 equations:

T Rik RkiKkjRkJj + Z k RkJWj x
Ikna j1 k-i ill Kkw

, Z Rik Gk + Z (NkJ +Uk) - 0. (83)
k i j1

Substituting the value of c from Equation (81) into Equations (74) and (83), the equations of motion
can be rewritten in the following form:
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n I
bl (1 + + (bk ikI + + bnk  = f1 , (84)

k=2 \k kh n n, h
+ + +kb k i , 3,. .. n (85)k=2 ikh Ii

hi=1,. . i,

where

n n
= R KijR i  (3x3 matrix)

b =I j=1

bk n Rl' j~kpkh
b jk = i ik (3xl matrix)

j=k i=l j j=1 Pk

" fl i~~~R R l i i+ z (Nij +uij Ri Rioxjij

i=1 Pi j=l

n n RJi~k

- ; Z i R1 K1 Rik) Vk (3x 1 matrix)k=2 (j=k i=l

h = (bh) (1x3 matrix)

n n k
bk = T I I RJK.RrkPk (scalar)ikhi ih j=k r=i jkh k

?i = T i (Gk +) r n n RkJj

T X ik k+ (Nkj + Ukj I R- i X jk,.)jPii k ijl k=i ~

n n

2 YRiJ Kr E RrkVkJ (clr

r~i j=l T k=2 k] (clr

and wi. can be evaluated by using the recursive Equation (77). For computing the cross products
appearing in the above equations the relation ax b = i b can be used.

4.2.3 Approximate Determination of Constraint Torques

In this section we shall discuss procedures for determining approximately the constraint
torques. Assume first that body i is connected to body i-1 by a pin joint. Let pi denote the unit
vector along the axes of rotation of body i relative to body i-1.

)| Then

Ri''-I Pi = Pi (86)

where Ri,i-I is the transformation matrix connecting the components of a vector expressed in frame
i-I to frame i and is given by

RiiI=(R')- R i-I
(87)
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Substituting Equation (87) into Equation (86) and multiplying both sides by R' we obtain

R- 1 Pi f Ripi (88)

The constraint Equation (88) gives three scalar equations (only two are independent). Let the three
scalar equations be written as

Eil = 0, Ei 2 = 0, Ei3 = 0. (89)

As in the case of a single body we now define a potential function V i by the relation

1 i' 2 E 2

V i  - K i E3 +E' + E (90)
2 i 1 i2 3)

and determine gHi I' g "H I' °H3 -I by the relations

avi jV. i  a)Vigl~ifi- , i- 1 
- , il~ -(91)

= i 9H 2  -0i g9i1

Having determined these, the components of the constraint torque in the body frame i can be deter-
mined using Equation (14):

sino.
=ii-I =gii-1 coso i + - I ii-1 sinOi + gH1 j- 1) (92)Hy H2 cosK i  H 31

S- I1 sino + ii-I sinO1 + gii-l-- z= - gH2 HOS I H

It should be noted that these components are not required if the rotational equations are written in the
Lagrange form (see Eq. (11)).

We can also express the constraint condition in terms of the Euler angle rates. For this let S i

denote the relative angular velocity of body i with respect to body i-1. Then there exist two unit
vectors qi1 , qi 2 orthogonal to each other such that

qTSi=0 qTS=0 (93)

i.e. the relative angular velocity Ri is orthogonal to the constraint axes qI and qi 2 "

To determine the constraint torque by using Equation (93) we form the dissipation function

1 K'((qT )2 +(qT 2i)2) (94)

and obtain
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af i  af i  fgi~i-I = , iiJ-1 - _ _ ~ - _

- g (95)HI 4i 4H2 a0 i  4H3 a i

The components of the torque in frame i can now be obtained from Equations (92) and (95).

Let us now consider the case of a universal joint. In this case there is a vector qi such that

qT fi = 0 (96)

The constraint torque can be determined as above by defining the dissipation function

fi 12 K' (q T ni) 2  (97)

Example

As an example to the application of determining constraint torques approximately we con-
sider the case of a remote manipulator system with six degrees of freedom - a universal joint at the
shoulder, a pin joint at the elbow and a ball-and-socket joint at the wrist (Ref. 8).

Elbow

Pay load
buppera lower p e t

arm arm 3
Shoulder Wrist

FIG4

Assuming the links are rngid it can be treated as a three-body system - upper arm, lower arm and the
payload. (In the terminology used here it should be regarded as a four-body system with the first body
held stationary.) Let the axes of rotations at the shoulder be z and y axes and that at the elbow be y
axis. Expressing S2 = W, and q, in inertial frame and using constraint Equation (96) we have

j0icos IcosOe - 6 1sinp 1

(coso, sinip, 0) lisincosOi + 6,cos l}) 0

1 - ,inO!

which yields

q 1 cosO1 = 0 (98)

* 1.h.

To find the constraint conditions at the elbow we apply Equation (88) with pT = (0 1 0)
and obtain
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E21 COs02sino2sinO2 - sin0 2cos0 2 - cosoisinO1 sino1 + sinoicoso1 = 0

E22  sin4 2 sin02 sin02 + cos0 2 cos 2 - sinoisinO1 sinO, - cosOicoso, = 0

E2 3  coso 2 sin 2 - cosO1 sin I =- 0 (99)

Let us first determine the constraint torque at the shoulder. For this we form the dissipation
function

1 2
= 2 K' 0" cosoI)

and obtain

afl afl s afl

I K. I COS2 01, gS2 - = 0, gH3 0,

where the superscript S stands for the shoulder. Using Equation (92) we get

=- K' COS2O1 H =_ K',lsin01 cos01 sin0j, gS =- K' sin01 cos0 1 coso1

From Equation (98) it follows that 0 = 0 and hence 0= constant = 0. Therefore for small 0 1, 01 the
torque can be obtained from the relations:

= K' 1 cos2 01 , = 0, gz = - K' sin01 cos0

or (dividing by cos0 ) from the equations:

S - K' coS 1, gS, y= 0, g = - K' bsin01 " (100)

We can also determine the torque by forming the potential function V1  (KcosO In
this way we have 2

gSx =_ K cos01 , gSy = 0, gs = - Ko1 sin0 I . (101)

Of course, the constraint torque can be determined by combining Equations (100) and (101).

We now determine the constraint torque at the elbow. For this we define

V2 =-1 K(E21 + E 2 + E23) (102)

Differentiating partially with regard to 02, 02 and 2 we obtain
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2E av [ aE 21 aE2 2  aE 23g1 I 21 -K2 -E --a020 2 0 2  ao J

2E aVE aE 2 2  aE 23
2= _ K[E21 + + E23  (103)9H o2 L a02  - W2 -3a02

=-K [E E2 1  "22 23  1gH 3 0 2  a '2  a 2 a 0

where g2
E i = 1,2,3 denote the components of the torque on body 2 at the elbow joint. The torque

components on body 1 at the elbow can be similarly obtained by differentiating V 2 partially with re-
spectto ,1 P "

Since 0, 0 it follows from Equation (99) that 02 = 0 and 42 - 01 = 0. Substituting the

values of E. 1, E 22, E23 from Equation (99) into the first equation of Equation (103) we obtain

2E K [(cos8 2sino 2sinO 2 - sin02cos02 - costsin0lsin o, + sin ,cos,)

(cos0 2sin0,cos0 2 + sinosin02 ) + (sintP2 sin0 2 sinO2 +cos, 2cos0 2

- sin ,tsin01 sin 1 - cosob coso1 ) (sin4 2 sin0 2cos0 2, - Cos0 2sinO 2 )

+ (cosOsin0 2 - cos0 1sino,) cOSO 2COS 2 ].

Using small angle approximations it can be seen that the above expression can be written as

gN' = K[(0 2 - ,)sino 2 + 01 cos(0 2 -0)- 02]

Similarly, we have

2 = 0

2E
gH= - K [(P2 - 01) + 01 sin0 1 - 02 sinO].

Substituting these values into Equation (92) we obtain the components of the torque in frame 2:

gllX 2 K - 0)sin0 2 
+ 0 1cos(02  0)- 1 02

,, .21-1 0 (1 0 4 )

g1 = - K [ 2 - 1)cOs0 2 - ', sin(0 2 - 0t)]
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The components of the constraint torque on body 1 expressed in body frame 1 can be
similarly found. These are given by

1E
gH= - K [(42 - 1 )sinO1 + 0 - 0 2 cOs (0 2 - 01

IE 0 (105)

Q, K P2- ~io01 -S 0 2 sin(8 2 - 0

We mention that the components in Equation (105) can also be obtained from the relation9
9 1E 92E

IE 2E
Hz Hz

where R12 is the transformation matrix connecting frame 2 to frame 1 and can be taken as:

cos(02 -01) 0 sin(0 2 - 01 )

R12  1

-sin(02 - 0 ) 0 cos(0 2 -0 1 )

Having determined the constraint torques the motion of the manipulator can be determined by using
Equations (66), (68), (72), (101), (104) and (105) with n = 4 (n = 3 for Eq. (72)).

5.0 CONCLUSIONS

The principles of linear and angular momentum (Newton's and Euler's law) applied to each
individual body in the chain provide a simple way of writing the equations of motion of a multi-body
system. The unknown constraint forces and torques that appear in the equations of motion can be
either eliminated or specified approximately using the constraint equations. It is shown that the
elimination procedure leads to a densely coupled system of second-order equations which can be
written in the vector-matrix form B(7) 5 = f(y,j,t) where B is an n' x n' matrix and n' is the rotational
degrees of freedom. On the other hand the second method of specifying approximately the unknown
forces and torques leads to a system of 6n second-order equations where n is the number of rigid bodies
in the system. The system of equations obtained by this method is simple and less densely coupled.
Both these methods are general and can be easily implemented on the computer.

For studying the dynamics of multi-body systems several other methods, perhaps less
general, have also been proposed. These may be found in References 9 - 14.
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